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Abstract. The Su-Schrieffer-Heeger (SSH) model describes a finite one-dimensional
dimer lattice with first-neighbour hoppings populated by non-interacting electrons. In
this work we study a generalization of the SSH model including longer-range hoppings,
what we call the extended SSH model. We show that the presence of odd and even
hoppings has a very different effect on the topology of the chain. On one hand, even
hoppings break particle-hole and sublattice symmetry, making the system topologically
trivial, but the Zak phase is still quantized due to the presence of inversion symmetry.
On the other hand, odd hoppings allow for phases with a larger topological invariant.
This implies that the system supports more edge states in the band’s gap. We propose
how to engineer those topological phases with a high-frequency driving. Finally, we
include a numerical analysis on the effect of diagonal and off-diagonal disorder in the
edge states properties.
1. Introduction
One of the main tasks condensed matter physics deals with is the understanding of
phases of matter. Traditionally, phase transitions were characterised following Landau’s
prescription, in terms of an order parameter. Then, the discovery of new phases of
matter that did not break any symmetry, nor could be characterised by the usual
order parameters, lead to the appearance of topology in condensed matter systems.
This new scenario emerged from the merging of physics and topology, and on a more
subtle order that lies in the mathematical properties of the electronic wavefunctions.
Experimentally, the first developments happened in the study of phase transitions in
2D electronic systems, which displayed a quantised Hall conductance [1]. Then, the
discovery of the fractional QHE [2] and of the Spin Hall insulator in HgTe quantum
wells [3] lead to the large variety of systems displaying topological properties that have
been discovered so far.
Systems with non-trivial topological properties are changing the way electronics is
developing. In particular, the discovery of materials with insulating bulk and metallic
ar
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edges, which are also robust under a wide range of perturbations, will allow for important
advances in spintronics [4], magnetism [5] or even further, to the development of
topological quantum computers [6–9]. Understanding how these materials behave in
realistic situations is crucial, and the study of the classical toy models with new terms
is of the utmost relevance. This work is framed within this context.
The starting point of this study is a canonical model of a 1D topological insulator:
the Su-Schrieffer-Heeger (SSH) model [10]. It is a tight-binding model for non-
interacting, spinless electrons confined in a dimer chain. It has been extensively studied
both theoretically and experimentally [11, 12].
In this work, we analyze the effect of adding arbitrarily long-range hoppings to
the SSH model, what we call hereafter the extended SSH model. By examining the
symmetries that are preserved or broken in the resulting system, we can conclude that
the presence of even and odd hopping terms has different implications on the topological
properties. Hoppings to even neighbours break particle-hole and chiral (also known
as sublattice) symmetries, but under certain constraints we are able to find gapped
configurations with edge states. On the other hand, odd neighbours do not break any
fundamental symmetries of the chain, allowing for the appearance of larger values of
the topological invariant. More concretely, we study in detail the case with first- and
second-neighbour hoppings, as well as first-, second- and third-neighbour hoppings.
We also discuss the feasibility of larger winding number configurations by including
an AC driving field. This allows to tune the hopping amplitudes into unconventional
configurations. Furthermore, we examine the effect of diagonal and off-diagonal disorder
in the previous results. From the topological point of view, diagonal disorder breaks
sublattice symmetry, and therefore affects the topological protection, while off-diagonal
disorder maintains this symmetry.
The paper is organized as follows: In section 2 we introduce the extended SSH
model; in section 3 we include a characterization of its topological properties, considering
some relevant concrete examples. Section 4 presents an analysis on the effect of an AC
driving field on the system, studying several drives with different shapes; in section 5 we
study different types of disorder and check their effect on the edge states of the system.
Finally, in section 6 we present our conclusions.
2. Extended SSH model
The Hamiltonian of the dimer chain with hoppings up to N th-neighbours is given by:
HN =
∑
|i−j|≤N
Jijc
†
icj + H.c. , Jij = J
∗
ij = J(|xi − xj|) , (1)
where c†i creates a fermion in the i
th site of the chain, and Jij = Jji is the hopping
amplitude connecting the ith and the jth sites. We can group all the sites in two
sublattices A and B. All the sites with odd indices belong to sublattice A and all
the sites with even indices belong to sublattice B (see figure 1 for a schematic). If we
SSH model with long-range hoppings: topology, driving and disorder 3
Figure 1. Dimer chain with arbitrarily long-ranged hoppings. For clearness, only
hoppings to first, second and third neighbour atoms have been depicted. The unit cell
length will be set to a = 1 hereafter without loss of generality. The intracell parameter
is b.
restrict the model to nearest-neighbours only (N = 1), we recover the original SSH
model.
We assume hopping amplitudes are decaying functions of the distance between
sites and define n = |i− j| as the range of the corresponding hopping Jij. Hoppings are
denoted as odd or even according to their range. It is important to note that in the case
of odd hoppings, for any n ∈ Nodd and site i, the (i+ n)th and (i− n)th sites are located
at different distances. On the contrary, for even hoppings, all sites are located at the
same distance for any n ∈ Neven. For the sake of simplicity, we will use the following
notation from now on
J2i−n,2i ≡ Jn , J2i,2i+n ≡ J ′n , n ∈ Nodd
Ji,i±n ≡ Jn , n ∈ Neven
(2)
For a translationally-invariant system, the Hamiltonian is block-diagonal in the
momentum-space basis. Transforming c2j−1 = 1√M
∑
k e
ikjak and c2j =
1√
M
∑
k e
ikjbk,
for j = 1, . . . ,M (M is the number of unit cells in the chain), we can express
the Hamiltonian in Equation (1) with periodic boundary conditions as HN =∑
k Ψ
†
kHN (k) Ψk, where we have defined Ψk = (ak, bk)T . The bulk momentum-space
Hamiltonian HN (k) is a 2 × 2 matrix with the following structure: even hoppings
contribute to diagonal elements, whereas odd hoppings appear in off-diagonal ones,
HN =
∑
p
(
2J2p cos (pk) J
′
2p−1e
ik(p−1) + J2p−1e−ikp
J ′2p−1e
−ik(p−1) + J2p−1eikp 2J2p cos (pk)
)
, (3)
with p ranging from 1 to N/2 if N is even, or (N + 1)/2 if N is odd. HN can
be written in the basis of the Pauli matrices ~σ = {σx, σy, σz} and the identity 1 as
HN = d0(k)1 + ~d(k) · ~σ. The vector ~d(k) is called the Bloch vector, and its components
are
d0(k) =
∑
p
2J2p cos(pk) , (4)
dx(k) =
∑
p
[
J ′2p−1 cos ((p− 1)k) + J2p−1 cos(pk)
]
, (5)
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dy(k) =
∑
p
[
J2p−1 sin(pk)− J ′2p−1 sin ((p− 1)k)
]
, (6)
dz(k) = 0 . (7)
The dispersion relation takes the form E±(k) = d0(k) ± |~d(k)|, where “+” and
“−” correspond to the conduction and valence band, respectively. Importantly, the fact
that even hoppings of a given range n have the same value in both sublattices makes
dz(k) = 0.
3. Topology in extended SSH models
For one-dimensional topological insulators, the topological invariant that characterizes
different topological phases is the Zak phase Z. Equivalently, they can be characterized
by the winding of the Bloch vector around the origin as k varies across the first Brillouin
zone. This quantity W is well-defined only when the Bloch vector lays in a plane
containing the origin. Both are related to each other as Z = piW mod 2pi. Owing to
the bulk-edge correspondence, the bulk topology manifests itself in presence or absence
of edge states in a finite system. The number of pairs of edge states a system supports
corresponds to |W|. The winding number can be calculated in terms of the Bloch vector
components (see Appendix A).
The Zak phase is a gauge invariant quantity and as such can be measured [13].
Apart from the SSH model of polyacetylene [10], the Zak phase has also been used
to characterized linearly conjugated diatomic polymers [14], photonic systems [15, 16],
acoustic systems [17], and recently, water wave states [18].
In the standard SSH model, the winding number can only take two values depending
on the ratio between first-neighbour hopping amplitudes: W = 0 (trivial phase) if
J ′1/J1 > 1, andW = 1 (non-trivial phase) if J ′1/J1 < 1. Furthermore, since there are only
first-neighbour hoppings in the model, it possesses particle-hole symmetry along with
time-reversal symmetry and chiral (sublattice) symmetry. Therefore, it belongs to the
one-dimensional BDI class of the Atland-Zirnbauer classification of topological insulators
and superconductors [19], which admits an infinite number of distinct topological phases.
In the extended SSH model the presence of even hoppings breaks particle-hole as
well as chiral symmetry, changing the system Hamiltonian from BDI class to the AI
class, which is trivial in 1D. Two clarifications must be made to this statement. First,
for sufficiently small even hoppings this model supports edge states in the band’s gap,
despite the absence of the aforementioned symmetries. Second, even hoppings preserve
space-inversion symmetry when chosen as detailed in equation (1), which ensures that
the winding number is still well-defined. Mathematically, terms proportional to the
identity matrix (included in d0), do not change the eigenstates, and therefore the
parallel transport, i.e. the Berry connection, is unaffected. However, the presence
of even hoppings does affect the energy bands and the energy levels of a finite system.
They may lead to the disappearance of the edge states into the bulk bands without the
corresponding change in the winding number, contrary to the expectation for a true
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Figure 2. Spectrum for a finite system of M = 30 and N = 3, with J1 = 2J
′
1,
J ′3 = 0.5J
′
1, and J3 = 2J
′
1, as a function of J2. The blue and fuchsia lines represent
the maximum and minimum value for the conduction and valence band, respectively.
First- and third-neighbour hoppings are chosen such that the system has W = 2, i.e.,
with two pairs of edge states. Second-neighbour alter the energy spectrum, taking
the system to a metallic phase because of the overlapping of the two bands. In the
gapped phase, note the different behaviour of each pair of edge states. However, the
winding number is the same regardless of the value of the hopping amplitude J2. This
means that the one-to-one correspondence between W and the number for edge states
is broken.
topological phase transition. Thus, in general, there is not a one-to-one correspondence
between the topological invariant and the number of edge states pairs supported by the
chain as long as even hoppings are present, as shown in figure 2.
Regarding long-range odd hoppings, they preserve all the symmetries of the
standard SSH model, and permit larger values of the topological invariant. For a given
N , the maximum winding number possible is Wmax = b(N + 1)/2c, which is also the
maximum number of pairs of edge states supported by the chain. However, one difficulty
for obtaining these phases with larger invariant is that long-range hopping amplitudes
must be chosen in a specific way. We will show in next section how we can achieve this
by applying ac driving fields.
In the following lines we will examine in detail two different configurations.
3.1. First and second neighbour hoppings
We now study in more detail the effect of even hoppings by considering the case of first-
and second-neighbour hoppings. As explained before, the study of the topology of the
system requires the analysis of both bulk and edge properties.
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3.1.1. Bulk physics The momentum-space Hamiltonian in (3) takes the form
H2 =
(
2J2 cos (k) J
′
1 + J1e
−ik
J ′1 + J1e
ik 2J2 cos (k)
)
, (8)
whereas Bloch’s vector changes to:
d0 (k) = 2J2 cos (k) , (9)
dx (k) = J
′
1 + J1 cos (k) , dy (k) = J1 sin (k) , dz (k) = 0 (10)
and the energy dispersion is given by E± (k) = 2J2 cos (k)±
√
J
′2
1 + J
2
1 + 2J
′
1J1 cos (k).
This expression makes clear that second-neighbour hoppings break particle-hole
symmetry, which translates into an assymetric band structure about E = 0. Still, the
specific value of J2 is of utmost importance, as the system properties change drastically.
We can distinguish two regimes (see figure 3):
(i) When J2 < J
′
1/2 and J
′
1/J1 > 1 (W = 0) or J2 < J1/2 and J ′1/J1 < 1 (W = 1),
the system has insulating properties. This regime corresponds to a gapped phase
in which the winding number is still defined by the ratio J ′1/J1 and has a one-to-
one correspondence with the number of edge states. It is also significant that the
direct gap turns into an indirect gap at J2 = J1/2 (trivial phase), or J2 = J
′
1/2
(topological phase), which means that the minimum energy in the conduction band
and the maximum energy in the valence band occur at different values of k.
(ii) When J2 ≥ J ′1/2 and J ′1/J1 > 1 or J2 ≥ J1/2 and J ′1/J1 < 1, the behaviour is
expected to be metallic. In this regime the gap is indirect, but the maximum of the
valence band (at k = 0) is equal or greater to the minimum of the conduction band
(at k = pi). This means that the energy bands overlap without crossing, which
signals the absence of a topological phase transition.
3.1.2. Edge physics The topological phase of the SSH chain is characterized by the
appearance of two edge modes. If the thermodynamic limit (M →∞), edge states will
be degenerate at E = 0, each of them being exponentially located at either the right of
left end of the chain. If not, a small splitting of the order of (J ′1/J1)
N is expected [20];
edge states hybridize and become an even and odd superposition of the states located
at one of the ends. The presence of chiral symmetry, represented by the operator C,
ensures that these hybridized edge states have symmetric energies about E = 0, since
they are chiral partners of each other: |edgeo〉 = C|edgee〉 → Eo = −Ee, where e and o
stands for even and odd parity, respectively. By solving the dispersion relation we get
that edge states have associated a complex k = pi + iζSSH, where ζSSH is the inverse of
the localization length. The value of ζSSH is a function of the ratio J
′
1/J1 [21]
J ′1
J1
≈ e−ζSSH . (11)
When second-neighbour hoppings are added, we find the following changes in the
behaviour of the edge states:
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Figure 3. Effect of second-neighbour hoppings on the band structure and energy
levels of a finite system.
Top: Spectrum for a finite system of M = 20 and N = 2, with J1 = 2J
′
1, as a
function of J2. The blue and fucsia lines represente the maximum and minimum value
for the conduction and valence band, respectively. For J2 < 1, the system has two
edge states within the band gap. Their energy decreases as J2 is increased until they
penetrate the bulk bands for J2 ≥ J ′1. Also, the gap goes from direct to indirect at
J2 = 0.5J
′
1 (see main text, section 3.1.1). In the metallic phase, the bands overlap
without crossing.
Bottom: Bulk band structure for different values of J2, given the previous SSH
hoppings. Note how particle-hole symmetry is gradually lost as J2 is increased, which
is reflected in the loss of symmetry about E = 0 in the energy spectrum. It is also
important to notice that the case with J2 = 0.3J
′
1 has a direct gap, with both the
minimum of the conduction band and the maximum of the valence band occur at
k = pi. However, for J2 = 0.7J
′
1, the gap is indirect (the minimum of the conduction
band occurs at k = ±pi and the maximum of the valence band at k = 0). This
corresponds to case (i) discussed in the previous section. On the other hand, the
maximum of the valence band is greater than the minimum of the conduction band
for the configuration with J2 = 1.7J
′
1, although the bands never touch. This is an
example of band structure of a system in regime (ii), when the system is expected to
have metallic properties.
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Figure 4. Wave functions of the hybridized edge states (even parity) of a chain with
M = 10 unit cells, with:
Left: only first-neighbour hoppings, J1 = 2J
′
1. Edge states in the SSH chain fulfill
|〈edgeo|C|edgee〉| = 1.
Right: first- and second-neighbour hoppings, J1 = 2J
′
1 and J2 = 0.6J
′
1. The presence
of J2 breaks chiral symmetry, and hence |〈edgeo|C|edgee〉| = 0.8 < 1. This quantity
becomes smaller as J2 is increased.
(i) The absence of chiral symmetry implies that |edgeo〉 = C|edgee〉 does not hold
anymore (see figure 4).
(ii) The edge states energy moves away from zero as J2 increases. Using numerical
analysis, we find that the energy of both edge states varies linearly with J2 according
to
E = Eedge − 2J2J
′
1
J1
, (12)
where Eedge is the energy of the edge states in the SSH chain (J2 = 0). This
expression holds until the enery bands overlap.
(iii) Interestingly, we find that the addition of J2 modifies the localization length of the
edge states, which become less localized as J2 is increased. First, knowing that the
energy of the edge states depends linearly on J2 as shown in equation (12), we can
solve the dispersion relation, obtaining a expression for the k associated with the
edge states in terms of the hopping amplitudes
k = ± arccos(α), α = −J
′
1
J1
+
J1J
′
1
4J22
− 1
4J22
√
4J22 (J
2
1 − J ′21 ) + J21J ′21 .(13)
In order for the state to be localized, we search for a solution k of the form k = pi±iζ,
where ζ = 1/λloc. If we rewrite the previous equation as cos(k) = cos(pi + iζ) =
− cosh(ζ) = α, we can give an analytic expression for ζ
ζ =
1
λloc
= arccosh (−α) . (14)
In the limit J2 → J1/2 (when the bands overlap and the edge states penetrate the
energy bands), for which ζ → 0. In the limit J1 → J ′1, i.e. one-dimensional atomic
chain, (when the band gap is closed and the system has metallic behaviour), ζ → 0
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Figure 5. a) Localization length of edge states in a chain with first- and second-
neighbour hoppings, given fixed J ′1, as a function of J2, in units of J
′
1, see equation (14).
For each curve, ζ goes to zero when J2 = J1/2, which corresponds to the overlapping
of the bands. Colored dots in the J1 = 2 curve correspond to the numerical data
obtained by fitting the envelope of the edge states in a finite chain with M = 20 to a
exponential function of the form ∼ e−λlocx, for different values of J2 (see legend).
b) Probability amplitude of edge states wavefunction in logarithmic scale for J1 = 2J
′
1,
and M = 20. Each color corresponds to the values of J2 shown in the legend and
in figure 5a. Plotmarkers represent the peak values of the edge states wavefunction,
whereas continuous lines depict the numerical fitting to an exponential function. In
logarithmic scale, they are represented as lines with slope −λloc. As can be seen, the
edge states do decay exponentially into the bulk when second-neighbour hoppings are
added.
independently of the value of J2. In both cases, localized behaviour is lost, which
agrees with the analytic and numerical results previously obtained.
As can be seen in figure 5, ζ is affected differently by J2 depending on the value
of first-neighbour hopping amplitudes. As J ′1/J1 gets closer to one, that is, as we
approach the metallic limit, the presence of J2 has less impact on ζ.
3.2. First- and third-neighbour hoppings
When first- and third-neighbour hoppings are considered, the system preserves time-
reversal, particle-hole and chiral symmetry, and thus it belongs to the BDI class, just
as the standard SSH model. Therefore, the topological invariant is well-defined and
there is a one-to-one correspondence between its value and the number of edge states
supported by the system.
The Bloch vector has the following non-zero components, dx(k) = J
′
1 + (J1 +
J ′3) cos(k) + J3 cos(2k), and dy(k) = (J1 − J ′3) sin(k) + J3 sin(2k), in terms of which
the winding number can be calculated. A topological phase diagram is obtained as a
function of J ′3 and J3 for different first-neighbour hoppings (see figure 6), setting to zero
SSH model with long-range hoppings: topology, driving and disorder 10
0
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Figure 6. Topological phase diagram of as a function of third-neighbour hoppings,
for different J ′3, and J3 (expressed in units of J
′
1). Second neighbours are set to zero
in all of them J2 = 0: a) J1 = 2J
′
1, b) J1 = 1.5J
′
1, c) J1 = J
′
1. Figures a) and b) fulfill
J ′1/J1 < 1, which corresponds to a SSH topological insulator. Figure c) corresponds
to an homogeneous chain (J ′1 = J1) which is gapped due to third neighbour hoppings.
second-neighbour hoppings in order to preserve chiral symmetry. The presence of long-
range hoppings enriches the phase map, making possible the existence of configurations
with W = 2 and W = −1.
Interestingly, dimer chains with W = 2 support two pair of edge states. Owing to
the presence of chiral symmetry, each pair carries two chiral partners, whose energies
are related by Ee = −Eo. In the thermodynamic limit, when M → ∞, these zero
modes are located at either the right or left edge of the chain and can be chosen to
have support on one of the sublattices, just as those in the SSH model. However, one
remarkable distinction from the latter is the fact that each pair has a different spatial
dependence, which in turn differ from that of the SSH model edge states. First, the peak
of maximum probability amplitude is located at a different site for each pair. Depending
on how hopping amplitudes are tuned, pairs can be maximally located at either the first,
third, or fifth site of the chain. Moreover, the envelope of the edge states wavefunction
decays exponentially into the bulk, but the probability amplitude on each site does not
decrease monotonically. The larger the system, the more nicely the envelope fits into a
exponential decay (see figure 7).
4. Periodic driving
As we have shown, phases with more than a single pair of edge states are
possible, although they require unconventional hopping parameters, such that hopping
amplitudes to further neighbours are larger than those to closer neighbours. In a
regular system, however, one may expect hopping amplitudes to decrease with increasing
distance. One way to overcome this consists in using a periodic driving, which in the
SSH model with long-range hoppings: topology, driving and disorder 11
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Figure 7. Absolute value of the edge states wavefunction of a chain with M = 40
unit cells, and hopping amplitudes J1 = 4J
′
1/3, J2 = 0, J
′
3 = J
′
1/5, and J3 = J
′
1
(W = 2). The continuous, blue line represents the fitting of the envelope to a
exponential function. Each edge state depicted belongs to a different pair, and thus
the peak of maximum probability occurs in a different site of the chain.
high-frequency regime makes the system behave as if it were governed by an effective
static Hamiltonian, with the possibility to change the effective hopping amplitudes by
tuning the driving parameters [22].
With this purpose in mind, we include in the system Hamiltonian HN a time-
dependent term HAC(t) = E(t)
∑
j xjnj, corresponding to a homogeneous ac field E(t)
that couples to the charge (or mass) of the particles. E(t) is a periodic function of time
with period T = 2pi/ω. Using a high-frequency expansion, we can derive an effective
Hamiltonian Heff expressed as a power series in 1/ω, see appendix Appendix B. To
lowest order, Heff is simply the time average of the total Hamiltonian over one period.
Thus, the structure of the hoppings is maintained, but the hopping amplitudes become
renormalized as
Jij → Jij 1
T
∫ T
0
dteiA(t)dij ≡ Jijf(E0dij/ω) . (15)
Here A(t) is the vector potential corresponding to the ac field E(t) = −∂tA(t) and
dij = xi−xj is the distance between the ith and jth sites. We will assume that the decay
of hopping amplitudes with distance is exponential, Jij = J0e
−dij/λ. Below, in table 1
we specify three different driving protocols studied in this work, with the corresponding
hopping renormalization they produce.
For a simple sinusoidal drive with amplitude E0 and frequency ω, the hopping
renormalization is given by the zeroth-order Bessel function of the first kind J0(E0dij/ω)
[23]. This allows to cancel the hoppings to next-nearest neighbours by tuning E0a/ω
to one of the zeros of J0. In this manner, it is possible to recover the chiral symmetry
in chains with hoppings up to third neighbours. Nonetheless, it is impossible to zero
out all even hoppings with this driving. Interestingly, we obtain winding numbers up
to W = 2, but only for metallic phases, see figure 9.
We can also consider more complicated drivings, such as a combination of two
sinusoids with commensurate frequencies E(t) = E0 [cos(ωt) + cos(3ωt)]. As it can be
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Driving Vector potential, A Hopping renormalization, f
simple sinusoidal −E0
ω
sin(ωt) J0
(
E0dij
ω
)
double sinusoidal −E0
ω
[sin(ωt) + sin(3ωt)]
∑
n J−3n
(
E0dij
ω
)
Jn
(
E0dij
ω
)
square-wave
{
−E0t if 0 < t < T/2
E0(t− T ) if T/2 < t < T 2i
(
e−iE0Tdij/2 − 1) /E0Tdij
Table 1. Different driving protocols with the corresponding hopping renormalization
0
1
simple sinusoidal∼
√
ω
E0dij
0
1
square-wave
∼ ω
E0dij
0
1
0 5 10 15 20
double sinusoidal
|f
(E
0
d
ij
/ω
)|
E0dij/ω
Figure 8. Comparison between the hopping renormalization functions of the different
drivings studied. Note how the zeros of f for the square-driving are equally spaced,
while its envelope (grey line) decays faster than for the sinusoidal drivings.
seen in figure 10, with this driving we are able to produce gaped phases with winding
numbers larger than 1, although the gap is smaller than in phases with smaller winding
number.
An appealing option is to use a square drive. As we show below, with this kind of
driving it is possible to zero out all even hoppings simultaneously. Let us consider
E(t) =
{
E0 if 0 < t < T/2
−E0 if T/2 < t < T , (16)
which leads to a renormalization function f whose zeros are evenly spaced on the
possitive real axis, see figure 8 and table 1. Since the distances for all even hoppings
are multiples of the lattice parameter a, it is now possible to cancel all of them by
tuning E0/ω = 2a
−1. In this way, we can enforce chiral symmetry on a system with
arbitrarily long-range hopping terms. Despite this, with this kind of driving it is not
possible to obtain winding numbers larger than 1 if the bare hopping amplitudes decay
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Figure 9. Phase diagram of the extended SSH model with a sinusoidal driving
A(t) = −E0w sin(wt). Hopping amplitudes decay exponentially with distance. Chosing
λ = a, only hoppings with range up to N = 10 have a significant contribution. The
gap is expressed in units of J0. In the plot of the winding number, black curves show
the contour level where the gap vanishes.
Figure 10. Phase diagram of the extended SSH model with a double sinusoidal
driving A(t) = −E0w [sin(wt) + sin(3w)]. Hopping amplitudes decay exponentially with
distance. Chosing λ = a, only hoppings with range up to N = 10 have a significant
contribution. The energy gap is expressed in units of J0.
exponentially with distance.
5. Disorder
The effect of disorder in electronic systems has been an important subject since
Anderson’s discussions on localisation [24]. Originally, he studied the propagation
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of a particle in a random potential, and showed that above certain critical values
of disorder, localisation of the wavepackets happened. Strikingly, localisation was
extremely dependent on the spatial dimension of the system, and in 1D, they were
expected to localise for infinitesimal disorder [25]. Further studies have shown that
there are exceptions to localisation in low dimensions, being the random dimer model
one of the most well known cases, where inversion symmetry leads
√
N states which are
delocalised and contribute to the conductivity (i.e., they do not have zero measure in the
thermodynamical limit [26]). More recent studies, including its effect on the topological
phases [27–29], and on the role played by off-diagonal disorder [30–32] have also been
done.
In this section we numerically study the effect of diagonal and off-diagonal uncorrelated
disorder (in the onsite energies and hopping amplitudes, respectively) in the spectrum
of both the standard and the extended SSH model. It must be stressed that this is
different to the previously mentioned random dimer model, where disorder forms a
random bipartite lattice with homogeneous hoppings.
First, we study diagonal disorder by considering the following Hamiltonian
H ′ = HN +Hdiag = HN +
2M∑
j=1
jc
†
jcj , (17)
where the second term shifts the onsite energies differently for each site by an amount
j. We use random numbers following a Gaussian distribution centered at zero, so it
is necessary to average the results over several repetitions. The figures included in this
section have been obtained by taking the average over 100 repetitions. Diagonal disorder
breaks sublattice symmetry and eliminates the zero-energy modes, therefore destroying
the topological protection of the edge modes, both in the standard and the extended
SSH model (see figure 11).
On the other hand, off-diagonal disorder refers to random hopping amplitudes,
H ′′ = HN +Hoff−diag = HN +
∑
|i−j|≤N
ijc
†
icj + H.c. . (18)
As it was shown in [32], systems with bipartite lattices display anomalous behaviour
when off-diagonal disorder is considered. One reason for this is the presence of zero
energy modes at the band centre. These states appear when sites in one sublattice
couple only to sites of the other one, which is related to the differences observed in
the previous section between the effect of adding even and odd neighbour hopping.
Importantly, they showed that this type of disorder produces, at large distance and for
states at E = 0, slow decaying localisation of the form ∝ e−λ√r (which produces a slower
random walk behaviour than the usual exponential e−λr). Debate about whether these
states are truly localised or not can be found in the literature [31].
Figure 12 shows how off-diagonal disorder affects edge states in both the standard
and extended SSH model for a configuration with W = 2 and first- to third- neighbour
hoppings. As expected, the pair of zero-energy modes in a SSH chain is robust under
this type of perturbation, until disorder is of the order of the gap σ ∝ ∆. Then, the
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Figure 11. Effect of diagonal disorder on edge states in the extended SSH model with
first- and third-neighbour hoppings, as a function of the diagonal disorder strength σ.
Each pair of edge states has been depicted in a different color from the states in the
bands (light purple). The dimer chain has M = 20 unit cells and hopping amplitudes
J1 = 1.2J
′
1, J2 = 0, J
′
3 = 0.3J
′
1, J3 = 0.9J
′
1, which are chosen such that the system
has W = 2 and preserves sublattice symmetry initially (σ = 0). As can be seen, the
absence of sublattice symmetry separates the edge states, destroying the topological
phase and leading to the usual exponential localization for arbitrary disorder strength.
intra- and inter-dimer hopping cannot be differentiated, the bands mix and eventually
the edge modes separate. However, it is interesting to see how each pair of edge states
behaves differently when disorder is increased in the extended-SSH configuration under
consideration.
Figure 12. Effect of off-diagonal disorder on edge states in the standard and extended
SSH model with first- and third-neighbour hoppings. Each pair of edge states has been
depicted in a different color from the states in the bands (light purple).
(a) SSH model: finite chain with M = 20 and J1 = 1.5J
′
1 , as a function of the off-
diagonal disorder strength σ.
(b) Extended SSH model: finite chain with M = 20 and hoppings: J1 = 1.5J
′
1, J2 = 0,
J ′3 = 0.3J
′
1, J3 = 0.9J
′
1, as a function of the off-diagonal disorder strength σ. Hoppings
are chosen such that the system has (W = 2) initially.
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6. Conclusions
In this work, we have studied a generalized model for a dimer chain including long-
range hoppings, which naturally occur in physical systems. Although seemingly equal,
the effect of hopping processes connecting the same sublattice (even hoppings), and
processes connecting different sublattices (odd hoppings) is very different. The former
breaks particle-hole symmetry, and changes the topological class from BDI to AI.
Nevertheless, the presence of space inversion symmetry forces the topological invariant
to have quantized values, and the appearance of edge states protected only by this
symmetry. As a consequence, the number of edge states now changes independently of
the topological invariant, as they can enter the bulk bands if the hopping amplitudes
connecting different sublattices is large enough. On the contrary, hopping between
different sublattices preserves the fundamental symmetries, and allows for phases with
larger values of the topological invariant and larger numbers of edge-state pairs.
We propose the use of an ac driving to tune the topological properties of the system.
Three different drivings are analyzed. Interestingly, we show that with a square-wave
driving it is possible to cancel all even hoppings simultaneously, restoring the symmetries
of the standard SSH model.
Finally, we have investigated the effect of disorder. In the case of a chain with
only odd hoppings, the edge states are robust against off-diagonal disorder, while they
loose their protection as long as we introduce even hoppings. We also show that in
phases with more than a single pair of edge states, their energies departure from zero
at different rates as the strength of diagonal disorder is increased.
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Appendix A. Topological invariant in 1D systems
For 1D systems, we can define a topological invariant through the Zak phase [33], which
is the integration of the Berry connection over the first Brillouin zone (FBZ).
Zn = i
∫
FBZ
dk〈un(k)|∂kun(k)〉 , (A.1)
where n is the band subscript (n = ±) and |un(k)〉 are the Bloch functions. The Zak
phase is a particular case of the Berry phase [34], which is the geometric phase acquired
by an eigenstate of the system when it is made to evolve cyclically in the parameter
space of the problem under consideration. When this concept is applied to the dynamics
of electrons in periodic solids, the Berry phase is refered to as the Zak phase and the
parameter space, the Brillouin zone, is naturally furnished by the system itself. When
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k is sweeped across the FBZ k = 0 → 2pi, eigenstates evolves through a closed path,
picking up a phase given by (A.1).
The Zak phase is closely related to the bulk electric polarization, as has been shown in
the so-called modern theory of polarization . The bulk electric polarization is given by
Pbulk = Z/2pi. In a neutral chain, Ptotal = Pedge + Pbulk = 0. If the bulk polarization
is non-zero, there must be accumulation of charge at the edges, thus explaining the
relation between a non-zero value of the Zak phase and the presence of edge states.
On the other hand, Bloch functions are eigenstates of the bulk momentum-space
Hamiltonian, H|un(k)〉 = En(k)|un(k)〉. The Zak phase can be understood as the
rotation angle |un(k)〉 undergoes when it is parallel transported along the FBZ. The
curvature of the FBZ, reflected in the Berry connection, is responsible for the phase
that the Bloch function picks up.
Equivalently, it can be expressed in terms of the winding of the closed curve defined
by the Bloch vector as k = 0→ 2pi around the origin,
W = Z
pi
=
1
2pi
∫
FBZ
dx∂kdy − dy∂kdx
d2x + d
2
y
dk . (A.2)
In the SSH model, the curve γ = (dx(k), dy(k)) = (J
′
1 + J1 cos(k), J1 sin(k)) describes
a circunference centered at (J ′1, 0) and radius J1. Thus, the topology of a system is
determined by whether or not the previous curve encloses the origin. In this geometric
picture, we can identify topologically equivalent configurations as those whose γ can be
continuously transformed into one another without passing through the origin. In the
extended SSH model, the topological phase diagram is enriched and γ displays more
complex geometries, giving raise to larger values of the winding.
Appendix B. Floquet theory
The starting Hamiltonian is H(t) = HN + HAC(t). For a time-periodic Hamiltonian,
H(t + T ) = H(t) with T = 2pi/ω, Floquet’s theorem permits us to write the time-
evolution operator U(t2, t1) as
U(t2, t1) = e
−iK(t2)e−iHeff(t2−t1)eiK(t1) , (B.1)
where Heff is a time independent (effective) Hamiltonian and K(t) is a T -periodic
Hermitian operator. Heff governs the long-term dynamics whereas e
−iK(t), also known
as the micromotion operator, accounts for the fast dynamics occurring within a period.
Following several perturbative methods [35, 36], it is possible to find expressions for
these operators as power series in 1/ω
Heff =
∞∑
n=0
H [n]
ωn
, K(t) =
∞∑
n=0
K [n](t)
ωn
. (B.2)
The different terms in these expansions have a progressively more complicated depen-
dence on the Fourier components of the original Hamiltonian, H(q) = T−1
∫ T
0
H(t)eiωqtdt.
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The first three of them are:
H [0] = H(0) , H [1] =
∑
q 6=0
H(−q)H(q)
q
, (B.3)
H [2] =
∑
q,p6=0
(
H(−q)H(q−p)H(p)
qp
− H
(−q)H(q)H(0)
q2
)
. (B.4)
Before deriving the effective Hamiltonian, in order to obtain a result that is
non-perturbative in the ac field amplitude, it is convenient to transform the original
Hamiltonian into the rotating frame with respect to the ac field
H˜(t) = U †(t)H(t)U(t)− iU †(t)∂tU(t) , (B.5)
U(t) = e−i
∫
HAC(t)dt . (B.6)
This leads to
H˜(t) =
∑
i,j
Jije
iA(t)dijc†icj . (B.7)
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